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1. INTRODUCTION 
Let X be a Banach space, X* its dual and Q a measurable space. Let T 
be a random operator from Q x X into X* and q a measurable mapping 
from Q into X*. A principal problem of the stochastic analysis is to deter- 
mine useful conditions under which the equation 
T(o) x = v(u) 
admits random solutions. In [ 121 Itoh proved the existence of solutions of 
nonlinear random equations with monotone operators. His method of 
proving the measurability of solutions was based on the selection theorem 
of Kuratowski and Ryll-Nardzewski [16]. In [13, 141 Itoh’s method was 
extended to obtain existence theorems for nonlinear random equations and 
inequalities with single-valued or multivalued operators of monotone type. 
The above results were derived under the basic assumption that the ran- 
dom operators are coercive. 
It is the purpose of this paper to give some new existence results concer- 
ning the solvability of nonlinear random equations with noncoercive 
operators. As in the coercive case, the measurability of solutions depends 
mainly on the selection theorem proved in [ 161. 
In Section 3, we prove the existence of solutions of nonlinear random 
equations with multivalued operators satisfying a Leray-Schauder-type 
boundary condition, generalizing thus some results in [ 151. In Section 4, 
we study the solvability of the random equation 
L(o)x = 0 
provided that the random operator L = L, is homotopic to an odd random 
operator L, . 
In Section 5, we treat random equations in nonreflexive Banach spaces 
and we prove the existence of solutions of random Hammerstein equations, 
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which contain angle-bounded operators. An existence theorem for a 
monotone random operator with a bounded inverse is also given. 
2. PRELIMINARIES 
Throughout this paper (Q, d, p) will denote a complete o-finite measure 
space. Let X be a real Banach space, X* its dual space and (x*, x) the 
duality pairing between x* E X* and x E X. A mapping F: Q + 2x is said to 
be measurable (weakly measurable) if for each closed (weakly closed) sub- 
set G of X, the set F-‘(G)= { UEQ: F(o)nG#@) belongs to d. We 
denote by B(SZ, X) the set of all measurable mappings c: 52 -+ X such that 
sup( Il<(o)jl, w E Q} < co. The symbols -+ and - are used to denote strong 
and weak convergence, respectively. But in the dual space X*, - denotes 
convergence in the weak* topology. Let D be a subset of X and T be an 
operator from D into X*. T is called monolone if for all x, y E D we have 
(TX - TV, x - y) 2 0. T is said to be (i) demicontinuous if x, E D and 
x, -+ x E D implies TX, - TX and (ii) hemicontinuous if for all x E D, y E X 
with x+ t,y~D and t,>O T(x+ t,y)- TX as t, +O. An operator 
T: Q x D + 2x* is said to be random if for any x E D, T( )x is measurable. 
A random operator T is said to be monotone (demicontinuous, etc.) if for 
each WE Q, T(w) is monotone (demicontinuous, etc.). For R >O, we 
denote by B,= {xEX: /Ix11 <R} and S,= {xEX: llxll =R}. If Visa sub- 
set of X*, x an element of X, then (V, x) will denote the set {(x*, x), 
x* E V}. 
3. NONCOERCWE MULTIVALUED RANDOM OPERATORS 
Let Y and 2 be topological spaces. A mapping T: Y + 2z is said to be: 
(i) upper semicontinuous if, for each x0 in Y and each open set G in Z with 
T(x,) c G there exists a neighborhood U of x,, such that x E U implies 
T(x) c G, (ii) lower semicontinuous if, for each x,, in Y and each open 
set G in Z with T(x,) n G # Iz, there exists a neighborhood CJ of x,, such 
that T(x) n G# 0, whenever XE U, (iii) continuous if, it is both lower 
and upper semicontinuous. For the basic properties of the above types of 
semicontinuity we refer to Berge [3]. 
To prove our main result we shall need the following lemma, which is a 
stochastic generalization of a result by Browder and Hess [6, 
Proposition IS]. 
LEMMA. Let X be a separable reflexive Banach space, K a compact con- 
vex subset of X and T: 52 x K + 2x’ a random operator. Suppose that T is 
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continuous, with X* given its weak topology, while for each [o, x] E f2 x K 
T(w)x is nonempty, bounded, closed, and convex subset of X*. Then there 
exists a measurable mapping r: ~2 + K and i(w) E T(o) r(o) such that 
(i(o), <(QJ) --xl 5 0 forallxEKandoE52. 
Proof By [6, Proposition 151, for each w E 52, there exist YE K and 
ZE T(o)y such that 
(Z,Y-x)50 for all x E K. 
We define a mapping F: ~2 + 2K by setting 
F((o)={y~K:3z~T(w)y, suchthat (z,y-x)50 forallxEK}. 
Let {xn> be an infinite sequence of points in K whose union is dense in K. 
Then 
F(o)= fi jy~K:3z~T(w)y with (z,y-xn)sO}. 
“=I 
To prove that F is measurable, it suhices to show that for a given XE K the 
mapping 
S(w)={y~K:3z~T(o)y with (z,y-x)50} 
is measurable. Setting Q,, = {x E IX: d(x, [w- ) < l/n} we define S,,: Sz -+ 2” 
by S,(o)= {YE K: (T(o)y, y-x)n Qn #a}. Then we have S(o)= 
fi;= I S,(o). For each n E IV, the mapping S, is measurable. Indeed, let 
Cc K and A be a countable dense subset of G; then by the lower semicon- 
tinuity of T we have 
S,'(G)= {o:S,(w)nG#@} 
={w:(T(w)y,y-x)nQ,#@ forsomeyEG} 
=(m:(T(w)a,a-x)nQ,#@ forsomeaEA) 
=,vA (o:(T(wb,a-x)nQ,Z12() 
Since T is random, S;‘(G)E .d. Now, by [ll, Theorem 3.31, the mapping 
S,(o) = S,(o) has measurable graph. By the upper semicontinuity of T we 
have S(w)= nn S,(w). Hence S has measurable graph, and by [ll, 
Theorem 3.51 S is measurable. Thus F is measurable. By [16], F admits a 
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measurable selection 5, i.e., there exists a measurable mapping c: C? -+ K 
and ME T(o) t(o) such that 
(i(w), 5(a) - xl 5 0 forallxEKandwEQ. 
DEFINITION 1. Let X be a reflexive Banach space and T an operator 
from X into 2X*. T is said to be generalized pseudomonotone if the following 
conditions hold: 
(i) For each x E A’, the set T(x) is nonempty, bounded, closed and 
convex in X*. 
(ii) For each finite-dimensional subspace H of A’, T is continuous 
from H into 2x*, with X* given its weak topology. 
(iii) If {[x,, x,*1} is a sequence in the graph G(T) of T such that 
x,--x, x,* -x* and limsup(x,*, x, - x) s 0, then [x, x*] E G(T) and 
lim(x,*, x,) = (x*, x). 
The concept of a generalized pseudomonotone operator was introduced by 
Browder and Hess [6]. Let J be the duality mapping from X into 2x’ 
defined by Jx = {x* E A’*: (x*, x) = ll~11~, I/x*II = ~1x11). For R > 0 we 
denote by T, the following operator 
if llxlj CR 
if llxlj = R. 
It is known that T, is a maximal monotone operator (cf. [ 171). Now let us 
state our main result in this section. The deterministic case was given by 
DeFigueiredo [9]. 
THEOREM 1. Let X be a separable reflexive Banach space and 
T: 52 x X + 2x* a random operator which is generalized pseudomonotone and 
bounded. Suppose that there exists R > 0 such that for all A> 0, all x E Si 
and all o E Q, we have 0 4 T(o)x + RJx. Then there exists a measurable map- 
ping r: Q + B, such that 
O~T(w)t(o) forallwEQ. 
We shall derive Theorem 1 as a consequence of 
THEOREM 2. Let X be a separable reflexive Banach space and 
T: Q x X + 2x’ a random operator which is generalized pseudomonotone and 
bounded. For R > 0, let T, be the operator defined by (*). Then for each 
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measurable mapping I]: Q + X* there exists a measurable mapping 
r: Q + B, such that 
Il(W)E T(o) r(w) + TR5(0) for all 0 E 52. 
Proof of Theorem 1 from Theorem 2. By Theorem 2, there exists a 
measurable mapping t: Q + B, such that 
0 E T(o) l(o) + T,tt.(~) for all w E 52. 
Let o be an arbitrary element of Q. If 115(0)11 <R, then TR5(w)=0 and 
consequently 0 E T(o) t(o). If 11[(0)11 = R, then there exists A(o) 2 0 such 
that 0 E T(o) r(o) + A(o) J<(o). By hypothesis, A(o) must be zero, which 
means that 0 E T(o) l(o). 
Proof of Theorem 2. For any measurable mapping 9: Q + A’*, the 
operator T, defined by TJo)x= T(o)x-q(w) satisfies the same 
assumptions as T. Therefore, it suffices to prove the theorem in the case 
when q(o) = 0 for all w E 52. Let {xn} be a sequence of points in B, whose 
union is dense in B, with x, = 0. For each n E N, let C, be the convex hull 
of {xi, x2,..., x,}. We apply the lemma to the compact convex set C, and 
the random operator T: Q x C,, + 2x*. It then follows that there exists a 
measurable mapping 5,: Q + C, and in(w) E T(o) t,(o) such that 
(i,(o), &l(w) -xl 5 0 forallxEC,andoE.Q. 
For each n, let E;, be the mapping defined by F,(o) = weak cl{ t,(o): i 2 n}. 
The mappings F,, are weakly measurable [7, p. 671. Then the mapping 
F(o) = n, F,(o) is also weakly measurable. By [ 161, F admits a weakly 
measurable selection 5: Q + B,, which is also measurable. For a fixed 
o EQ, there exists a subsequence { tk(w)} of {(JO)} such that 
tk(m) - l(o). Since T is bounded, the sequence {ik(m)} is bounded and 
we may therefore assume that [JO) - i(w). We assert that 
limsw(L(w), L(m) -x) 5 0 forallxeu C,. 
Let x be any element of uk C,. Then x E C, for some m, and since {C,} 
increases with k, XEC, for all kzm. Hence for kzrn 
(ik(m), ~,Jo)-x) 50, which in turn implies that 
limsup(i,(o), L(W) - x) 5 0. 
Since the sequence {[Jw)} is bounded, we have 
limsw(id~), Mm) -xl 5 0 for all x E B, = cl( lJk C,). (1) 
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Now for x = t(o) we get 
limsup(L(w), b(W) - 5(m)) 5 0. 
Since T is generalized pseudomonotone, it follows that i(w) E T(w) <(co) 
and WMo), L(W)) = (i(o), t(w)). Thus (1) gives 
(i(o), 5(w) - x) 5 0 for all x E B,, 
which implies that there exists n(w) 2 0 such that 
-CC@) E n(o) Jt(@), 
i.e., 0 E T(o) ((CD) + TR5(co). The proof is completed. 
4. A NONLINEAR RANDOM HOMOTOPIC ARGUMENT 
DEFINITION 2. Let X be a Banach space and L be an operator from X 
into X*. L is said to be of type (S) if for each sequence (xn} in X with 
x, - x and lim(Lx,, x, - x) = 0 we have x, -+ x. 
The concept of an operator of type (S) has been introduced by Browder for 
the study of nonlinear partial differential equations (cf. [S]). 
Now we extend a result of Hess [lo] in the deterministic ase to the ran- 
dom case as follows. 
THEOREM 3. Let X he a separable reflexive Banach space and L,(o)x = 
L(o, x, t): Q x B, x [0, l] + X* a random operator with the following 
properties: 
(i) For fixed t E [0, l] and o E Sz, L,(o): B, -+ X* is demicontinuous, 
bounded and of type (S). 
(ii) For each o EQ, L(o, x, t) is continuous in t, uniformly with 
respect to x E B,. 
(iii) The operator L, is odd on the boundary aB, of B,. Suppose that 
L,(w)x#O for all xEaBR, t E [0, l] and o E 52, then there exists a 
measurable mapping ?j: Q + B, such that 
Lo(~) 5(a) = 0 for all 0 E 52. 
Proof. We may assume that R = 1. Setting B, = B, we define a random 
operator T: Sz x B -+ X* by 
T(o)x { uw XlllXll? 211-41 
- 
11, a 5 llxll 5 1 = L(w, 2x3 01, lb4 54 . 
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It can be easily seen that T is demicontinuous. T is also odd on t3B. Let 
{X”} be an increasing sequence of finite-dimensional subspaces of X such 
that Un X,, is dense in X. For each n, let j, be the injection mapping of X, 
into X andj,* the dual mapping ofj,. Then the random operator T,,(o)x = 
j,* T(w)j,x is continuous from B n X,, into X,* and odd on dBn X,. By the 
Borsuk theorem 121, for each o E Q, there exists x E Bn X, such that 
T,(o)x = 0. Let F,, be a mapping defined by 
F,,(o)= {xeBnX,,: T,,(o)x=O}. 
By Himmelberg [ 11, Theorem 6.41 F,, is measurable and by [16] there 
exists a measurable selection fn of FD, i.e., there exists a measurable map- 
pingf,: Sz -+ Bn X, such that T,(o)f,(o) = 0 for all w E 52. As in the proof 
of Theorem 2, there exists a measurable mapping f: R + B such that for a 
fixed LEG?, there is a subsequence {fk(w)) of {f,Jw)} which converges 
weakly to f(o). We have 
lip (T(~)fk(~Md~) - xl = 0 forallxEU X,. 
k 
(2) 
Indeed, let x be any element of Uk X,. Then x E X, for some m, and since 
{ Xk} increases with k, x E X, for all k 2 m. Hence, for k 2 m, 
(T(~).fAw)dd~) -xl = (Tdw)fdw),fd~) - xl = 0, 
which implies that 
liy (T(~)f~(w),h(o) - x) = 0. 
We assert that there exists a subsequence (fk,(w):=fP(w)} such that 
lim,(T(~)fp(u),fp(W) - xl = 0 for all x E X. (3) 
If there exist infinitely many fk(w) with l/fk(w)ll 5 1 the assertion follows 
from (2) and the boundedness of L,. Let now { fk,,(o):=J,(o)} be an 
infinite subsequence with Il&(w)II > 1 and Ilf,(o)/l + lb. For any XE X we 
have 
(T(w)f,(w),fzA~) -x) = (( L a> 63 2llf,(w)ll - 1)&M -x) 
= a,(o) + b,(o), 
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where 
%@) = L 3 Ilfp(w)ll ’ (( fpo 2llfJo)ll - 1 1 
-L “qg-$-l)JJm)-x) ( 
and 
b,(w) = L o, ,lfp(o),,’ cc fpo 21- +P(+x). 
Condition (ii) implies that a,(o) + 0. By the boundedness of L,, _ 1 and the 
relation (2) we get b,(o) + 0. Thus holds (3). As in the deterministic case 
[lo], one can prove the existence of a subsequence of {fJo)} (which we 
denote again by {fP(o)}) such that fP(o) *f(o). Because of the demicon- 
tinuity of T, it follows that T(o)f,(w) - T(o)f(w), and from (3) we get 
(T(o)f(~),f(~) - x) = 0 for all x E X, 
which implies that T(o)f(w)=O. By definition of T, it follows that 
Ilf(~)ll <i and L,(w) 2f(o) = 0. Setting c(o) = 2f(w) we have 
L,(o) t(w) = 0 and the proof of the theorem is complete. 
5. RANDOM OPERATORS IN NONREFLEXIVE BANACH SPACES 
DEFINITION 3. Let X be a Banach space. A random operator 
F: Q x X + X* is said to be angle-bounded if there exists a function 
a:Q-+(O,oo) with sup{a(o),o~Q}<co such that for all x,y,zEXand 
oE.n, 
(F(o)x-F(w)z,z-y)5a(o)(F(w)x-F(‘(o)y,x-y). 
For linear operators T: X + X* the notion of angle-boundedness has been 
introduced by Amann [l] and for nonlinear operators by Brezis and 
Browder [4]. 
Now we prove the existence of solutions of a random Hammerstein 
equation involving angle-bounded operators. For the deterministic ase we 
refer to [4]. 
THEOREM 4. Let X be a Banach space such that the dual space X* is 
separable. Let K: Q x X + X* be a monotone, hemicontinuous random 
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operator and Fz Q x X* -+ X an angle-bounded, hemicontinuous random 
operator. Suppose that for any bounded subset A of X we have 
sup{ I/K(U) XII: WEST, XE A} < 00 and for any bounded subset C of X* the 
set {F(o) x: WE Q, XE C} is a weakly compact subset of X. Then for each 
g E B(Q, X*) there exists a unique element 5 E B(sZ, X*) such that 
[(w)+K(w)F(o)<(o)=~(o) foralloEl2. (4) 
Proof: One can prove the uniqueness as in the deterministic case. We 
may assume that K(w) 0 = 0 and F(w) 0 = 0. Indeed, Eq. (4) can be written 
as t(w) + K,(o) F,(o) t(o) = q,(o) where Fl(o) x = F(o) x-F(w) 0, 
K,(o) x = K(o)(x + F(o) 0) - K(o) F(o) 0, and vd4=1l(~+J+4 
F(w) 0. For q E B(Q, X*) we set M, = sup{ l/q(o)lj, o E 52). Let R > M, and 
let G = {z E X: IlK(o) z - q(o)11 5 R for all w E 52). By Brezis and Browder 
[4, Lemma 71, for each ~ESZ, there exists ye V,= {us X*: ilull 5 R} 
satisfying 
(f’(o)y-z, v-y)20 
for all [v, z] such that u E I’,, z E G and v + K(o) z = r(w), i.e., 
(f’(~)y-z, q(~)-~(~)z-y)20 for all z E G. 
We define a mapping T: Q -+ 2 yR by 
T(w)= {ye VR:(F(w)y-z,~(co-K(~)z-y)~O forallzEG}. 
The mapping T is measurable. Indeed, let {zn} be a sequence of points in G 
whose union is dense in G. Note that 
T(o)= fi {YE V,:(F(co)y-z,,,Y](w)-K(o)z,-y)zO}. 
n=l 
For each n, the mapping g,: Sz x V, + R defined by g,(w, y) = 
(F(o)Y -z,> r](~)--(o) z,- y) is measurable with respect to w [8, 
p. 1011 and continuous with respect to y. Thus the mapping T,(o) = 
{YEVR: &(WY)20} is measurable [ 11, Theorem 6.41, and by [ 11, 
Theorem 3.31 it has measurable graph. Hence T= n, T,, has measurable 
graph and by [ 11, Theorem 3.51 it is measurable. By [16], T admits a 
measurable selection <: Q -+ V,, i.e., there exists 5 E B(Q, X*) such that 
(F(w) 5(u) -z, r(w) - K(w) z - t(w)) 2 0 foralloESZandzoG. (5) 
Taking z = 0 in (5) we obtain for a fixed o E Q that 
M’(w) t(w), t(w)) i (F(o) t(m), v(w)). 
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By [4, Proposition 31, for every p > 0 we have 
/w(u) 5(w)llS fJ(~)(~(~) au), 5(m)) + P SUP IIF Al 
ll?ll = P 
5 4~)ll~(~) t(o)11 Ilr(w)ll + P SUP IIf+(~)YII 
IIYII = P 
5 mM, IIF r(u)ll + P SUP IIF A, 
IIYII = P 
where m = sup{a(o), o E Q}. Let now p > mM,, then IIF r(o)11 5 M, 
where M depends only on M, and m (M is independent of R and o E a). 
Let ~2=su~{Il~(~)ull: Y~B,,,, OEQ}. Now fix R>M,+M,, we set 
z = F(w) ((0) + tx, where 0 < t < 1 and llxil 5 1. Then we conclude from (5) 
that 
(x9 v(u) - K(O)(~(~) 5(m) + tx) - i”(w)) 5 0. 
Passing to the limit as t --f 0, we obtain 
which implies that t(o) +K(w) F(o) r(o) = v](w). The proof of the 
theorem is completed. 
The deterministic result corresponding to the following theorem was 
treated in [4, Appendix]. 
THEOREM 5. Let X be a Banach space, such that the dual space X* is 
separable. Let T: Q x X* +X be a monotone, hemicontinuous random 
operator such that, for each CO E Sz, T(w) maps bounded sets of X* into 
weakly compact subsets of X. Suppose that for any bounded subset B of X 
there exists a bounded subset K of X* such that T(w))‘(B) c K for all 
o E Sz. Then for each n E B(Q, X) there exists 4 E B(f2, X*) such that 
T(o) 5(u) = v(w) for all 0 E Q. 
Proof: We may assume that q(o) = 0 for all o E Q. Let M > 0 and let 
UE B, be fixed. By [4], for each w E 52, there exists UE X* such that 
T(o) u = u. By hypothesis, there exists a bounded subset K of X such that 
T(o)- ‘(B,) c K for all o E Q. Let M, be a bound of K and let R > M, . It 
follows from [4, Lemma 73 that, for each w E Q, there exists ZE G = 
{x* E X*: IIx* II 5 2R) satisfying 
(T(w)z,~-z)?O for ally E G. (6) 
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Choosing y=u+ R[ in (6) with ll[ll 5 1, we get 
(T(o)z,u-z)zR(T(o)z, -[). 
Therefore 
RIIT(w)zll~(T(o)z,u-z)~(T(o)u,u-z)~33MR, 
i.e., 
II T(w) z II s 3A4. 
It then follows that jlzll remains bounded independently of R and w, say by 
m. Let V, = (UE X*: [lull 5 m}. We define a mapping F Q + 2vm by 
F(o)={zEI/,:(T(o)z,y--z)zO forallyEG}. 
As in the proof of Theorem 4, F is measurable. By [16], F admits a 
measurable selection t: 52 + V,, i.e., there exists l E B(Q X*) such that 
(T(o) r(o), Y - 5(m)) 10 forallwEQandyEG. 
Choosing R > max{M, , m}, we conclude that T(w) t(w) = 0. 
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